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We establish the pumping lemma in automata theory based on quantum logic
under certain conditions on implication, and discuss the recognizability by the
product and union of orthomodular lattice-valued (quantum) automata. In
particular, we show that the equival ence between the recogni zabilty by the product
of automata and the conjunction of the recognizabilities by the factor automata
is equivalent to the distributivity of meet over union in the truth-value set.

1. INTRODUCTION

The idea of establishing mathematics based on many-valued logics was
first proposed by Rosser and Turquette [RT52] in 1952, but this idea has not
attracted much attention in logical community. One reason for this may be
that thereis no suitable method to devel op mathematics within the framework
of many-valued logics. As is well known, classical logic is the underlying
logic of classical mathematics and the former is used as the deduction tool
in the latter. In other words, what is used in classical mathematics is the
deduction (proof-theoretic) aspect of classical logic. However, the proof
theory of many-valued logics is much more complicated than that of classical
logic and it is not an easy task to conduct reasoning in the realm of the proof
theory of many-valued logics, and, even worse, the axiomatizations of some
many-valued logics are still to be found. Thus, our experience in studying
classica mathematics may be not suited, or at least cannot directly apply, to
develop mathematics based on many-valued logics. In the early 1990s, the
author [Y91-93, Y 93] established elementarily topology based on residuated
lattice-valued logic by employing so-called a semantical analysis approach.
Roughly speaking, the semantical analysis approach transforms our intended
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conclusions in mathematics, which are usually expressed as implication for-
mulas in our logical language, into inequalities in the truth-value set by truth
valuation rules, and then we demonstrate these inequalities in an algebraic
way and conclude that the conclusions are semantically valid.

Recently, the author used the semantical analysis approach to study
automata theory based on quantum logic. Our purpose is to provide a new
model of quantum computation [F82, F86, D85]. Computation based on
guantum mechanics was first realized by Feynman [F82, F86], and then was
elaborated and formalized by Deutsch [D85]. Since Deutsch’s seminal work
[D85], several theoretical models of quantum computation were introduced;
for example, see [MCO0Q]. These models may be roughly seen as the quantum
probabilistic version of automata. The author [Y00], however, proposed to
study quantum computation from a different direction, namely, to develop
automata theory based on quantum logic. As early as 1936, Birkhoff and
von Neumann [BvN36] redlized that quantum mechanical systems are not
governed by classical logical laws, and they introduced orthomodular lattice-
valued logic asthe logic of quantum mechanism. Quantum logic hasreceived
agreat dea of interest in both the mathematical physics community and the
logic community; see [DC86, RR91, RZ99] for examples. With this back-
ground in mind, one may naturally conceive that it is interesting to establish
computing theory based on quantum logic. The author’s paper [Y00] might
be an initial step toward this direction. In that paper, we presented a basic
framework of automata theory based on quantum logic. In particular, the
orthomodul ar lattice-valued (quantum) predicate of recognizability wasintro-
duced. Then we clarified the relationship between classical recognizability
and guantum recognizability; that is, we gave a simple conncetion between
them, and showed that quantum recognizability does not in general degenerate
into the classical one by an example. It is also shown that the recognizability
of a quantum language is not less than the volume of its finite part. Further-
more, we introduced the inverse operation of a quantum automaton and
showed that the language recognized by the inverse of a quantum automaton
isthe inverse of the language recognized by this quantum automaton, simply
generalizing the corresponding result in classical automata theory,

This paper is a continuation of [Y0O]. In this paper, we establish the
pumping lemma in automata theory based on quantum logic under certain
natural conditions on implication (see Proposition 1), introduce product and
union of quantum automata, and discuss the relation between the language
recognized by the product or union of quantum automata and the languages
recognized by its components. The case of union is very simple, and we
have a direct generalization of the result regarding the union of automata in
the classical theory; that is, the language recognized by the union of quantum
automatais the union of the languages recognized by these quantum automata
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(see Proposition 3). The situation is completely different for the product of
guantum automata. In classical automata theory, the language recognized by
the product of automata is the intersection of the languages recognized by
the factors. However, this result holds if and only if the meet is distributive
over the union in the truth-value set of the underlying logic (see Proposition
2). This is indeed a negative result in automata theory based on quantum
logic. Because an orthomodular |attice possessing the distributivity isaBool-
ean algebra, the result concerning the product of automata in the classical
theory is no longer true unless the underlying quantum logic degenerates to
classical (Boolean) logic. This negative result may help us to clarify the
boundary between classical computation and quantum computation.

2. PRELIMINARIES

For convenience, in this section we recall some notions and notations
inquantum logic [DC86, RR91, RZ99, S98]. Also, wereview severa concepts
from our previous work [Y0Q].

First, we consider truth-value sets of quantum logic. What we use as
truth-value sets of quantum logic are complete orthomodular lattices. A
complete orthomodular latticeisa 7-tuple | = (L, =, 00, [0, 1, 1, 0), where:

1, =,001,0)isacomplete lattice; 1 and O are respectively the
greatest element and the least element of L; =< is the partial ordering in L;
and for any M C L, M and [M stand for the greatest lower bound and the
least upper bound of M, respectively. Thus, 1 = O = OL and 0 = Op =
OL. The binary O and O are respectively called meet and union.

2. 1 isaunary operation on L, called orthocomplement, and it satisfies
the following conditions for al a, b  L:

(@aldat=0andalat = 1.

(b) att = a.

(c) a= bimpliesbt = at.

(dal( O@0Ob) =h.

Quantum logic isan orthomodular lattice-valued logic. Obvioudly, ortho-
complement L, meet [J, and union O in an orthomodular lattice may serve
as the truth-value functions of connectives: negation, conjunction, and dis-
junction, respectively, in quantum logic; and 1 and O may act as the respective
interpretations of truth and falsity. In addition, we are concerned with complete
orthomodular lattices in this paper; so, arbitrary 0 and [ are well defined
and they may be used to interpret the universal and existential quantifiers.
Therefore, what is still missing in a complete orthomodular lattice employed
as a truth-value set of quantum logic is a binary operation over it which is
suited to be the truth-value function of implication. As is well known, all
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implication operators that one can reasonably envisage in an orthomodular
|attice are more or less anomalous in the sense that they do not share this or
that fundamental property of the implication in classical logic. Usually one
chooses afixed implication operator with acertain reason and then establishes
various theorems in the quantum logic with this specific implication. For
example, Roman and Zuazua [RZ99] argued the reasonabl eness of the Sasaki
arrow. In [Y0O0] we also adopted the Sasaki arrow as implication operator.
For adetailed discussion on implicationsin quantum logic, see DC86, Section
2. In this paper, a different strategy is used: we suppose a truth-value set of
guantum logic is a complete orthomodular lattice equipped with a binary
operation —. This operation — will be used as the truth-value function of
implication in quantum logic, but we leave it completely unspecified and
then observe what conditionsit should satisfy to validate an intended property
of quantum automata.

Second, we present the syntax of quantum logic. According to the
strategy stated above, we now assume that | = (L, =, 0, [0, L, 1, 0) isa
complete orthomodular lattice and —: L X L - L isabinary operation on
L. Then we work within the I-valued (quantum) logic. The language of I-
valued logic has three primitive connectives: one unary connective = (nega-
tion) and two binary connectives [J (conjunction) and — (implication). Note
that here » must be treated as a primitive connective in our logic because
the implication operator in the truth-value set is presumed, but not derived
from other operations. This is different from what we did in [Y00] where
we adopted the Sasaki arrow as implication operator, and the Sasaki arrow
may be defined in terms of orthocomplement and meet and union. The logical
language also has a primitive quantifier 00 (universal quantifier). In what
follows we shall additionally employ the set-theoretic predicate symbol e
(membership) as a primitive symbol. The syntax of |-valued logic is defined
in a familiar way; we omit its details, but display severa derived formulas
in the |-valued logical language and set-theoretic language. These formulas
will be needed in the sequel:

Lo\ (e A )
2020 = (0 -~ W AW - ¢)
i- ’(ADQCP :d_e:(mx) T

. gBd—ef(Dx)(x6A_>xEB)
5. A=BE (ACB)A(BCA

Third, we givethe semantics of quantum logic. Anl-valued interpretation
isdifferent from an interpretation in classical logic only in that each predicate
symbol is associated with an I-valued relation, i.e., a mapping from the
product of some copies of the discourse universe into L, where the number
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of copies is exactly the arity of the predicate symbol. As usual, an I-valued
interpretation determines a truth valuation, i.e., a mapping from the set of
(well-formed) formulas into the truth-value set. This truth valuation assigns
an element of the truth-value set to each formula and this element is the truth
value of the formula under the interpretation. For any formula ¢, its truth
valueisin L and we write [b[Ifor it. Then the truth valuation for logical and
set-theoretic formulas is given by the following valuation rules:

o= [bF.

b OyO= OO @0

p - YO= O QO

If U is the discourse universe, then OX)e0= /\,cyle{w/x} O

X e A= A(X), where A on the left-hand side is a set constant
(unary predicate symbol) and its interpretation is A on the right-
hand side, which is an I-valued subset of the discourse universe,
i.e.,, a mapping from the discourse universe into L.

agrwnNE

It is worthy to note that in the second and third truth valuation rules [0 and
- on the left-hand side are two connectives in quantum logic, whereas [
and - on the right-hand side are two operations on the truth-value set L.
Let I be a set of formulas and ¢ a formula. Then ¢ is called a semantic

consequence of I" in |-valued logic, written I" l|= @, if we have O, Q0=
[oOfor al I-valued interpretations.

We conclude this section by recalling the concept of quantum automaton.
Let X be a finite alphabet. Then an I-valued (quantum) automaton over 2. is
aquadruple i = (Q, I, T, 8), where:

1. Qisafinite set of states.

2. | C Qisthe set of initia states.

3. T C Qisthe set of termina states.

4. Jisan l-valued subset of Q X X X Q, i.e., a mapping from Q X
2 X Qinto L and it is caled the |-valued (quantum) transition
relation of N. Intuitively, forany p,q € Qand o € X, 3(p, o, Q)
indicates the truth value of the proposition that input o causes state
p to become q.

An |-valued automaton over 3, determines an |-valued (unary) predicate recy
on3* = Ug o2k anditisdefined asfollows: foral k= 0,04, ...,00€ 3,

recy(oq -+ o)

« (o e, gy, ..., 01 € Q 0 € T) pathy(doo10h ++* OGk-10%0k)



2550 Ying

where

pathy (Coo1Gh *+* G100 = A (G 011, Grg) € 3]

Intuitively, recy(o; --+ oy) stands for the proposition that the word o4 -+ oy
is recognized by the quantum automaton R, and its truth value is

(tecy(oq -+ o= Vel aptk—16 QakeT NS 3(G, 011y Giv)

We call an I-valued subset of 2* an I-valued (quantum) language over 2.
Thus, recy; may be interpreted as an |-valued language over %, i.e., recy; may
be seen as amapping from 2* into L and for each s € X* it assigns [tecy(s)
to s. We may further define the I-valued (unary) predicate Recs on |-valued
languages over 3: for any A € L,

Recs(A) £ (DR e A, )(A = recy)

where A(Z, 1) is the class of |-valued automata over X. Intuitively, Recs(A)
is the proposition that the I-valued language A is recognizable. It is easy to
see that its truth value is

Recs (A= \/gteac.)) MNses+ (A(S) « Hecy(s)D

Wherea<—>bd=9f(a—> by O(b - a)foranya, b e L.

3. THE PUMPING LEMMA

In classical automata theory, the pumping lemma is a powerful tool to
show that certain languages are not regular. The purpose of this section is
to establish a pumping lemma in automata theory based on quantum logic.
As we shall see shortly, this pumping lemma depends on certain properties
of implication in the underlying logic.

Proposition 1 (Pumping Lemma). Let the implication operator — satisfy
the following conditions for all a, b, c e L and for any {&:i € I},{b:i e
I} CL:

lLa=bimpliesa-b=1
2b=cimpliesa-b=a-c
3.(3.—» b)D(b—»C)SaaC
4.0 (& - b) =0 a - O by
S o (@ - b)=0ua - Uab

Then for any |-valued language A € L*" over 3,
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£ Recs(A) - (N=0)(Tse S [se AA|s=n
(b, v, W, e 3¥)(s=uw A Juw| =nAlv =1
A (i = 0) (ww € A))]
where for any word t = oy -+ oy € 2*, |t| stands for the length n of t.
Proof. With the condition 1, it suffices to show that
[Recs(A)O=Qn=0) (Ose 2*)[se AA | =n - ((u, v, W e 3*)
(s=uwA |uv] =nAlv=1A (0 =0) (wWw e A)]O
= Vn=0 Nsesr js=n (AS) — \Vuuwes* s=umlui=nv=1/\i=o A(UVW))
Noting that
[Recs(A)U= \/steaey LA = recyl]
we only need to prove that for any )t € A2, 1),
(A = recy0= \/n=0 /\sc3+ s=n(A(S)
= Vuvwes* s—owwi=n =1 Ni=o AUVW))

Now, we demonstrate the above inequality. Let h € A(X, ) and let Q
be the set of states of ). Firgt, it holds that for any s e 2* with [s| = |Q],

recy(s) = \Vuywes* s—uulwi=|alv=1 /Ni=o reCp(UVW) 1)
In fact, suppose that s = o, * oy Then
recyi(s) = Vapelanak1cQaeT /N6 (s Ot 1, Giva) 2
Therefore, it amounts to showing that forany gqp € I, q, ..., Q=1 € Q and
ke
ANFB(, Oiv1, Uiv1) = Vuwwess s—umwjwi=(alvi=1 /\i=o rECr(uvw)  (3)
Since k = |5 = |Q|, there are two identical states among 0o, O, - - -, qq;;

in other words, therearem = 0 and n > O such that m + n =< |Q| and g, =
Omin WeSEt Uy = 071 *** Oy Vo = Opiy *** Omyny @ Wo = Opipss = O
Then s = UVgWo, |UoVo| = M+ n=Q|, v =n=1, and

\/u,v,WeE*,s:uw/,luv\S\Q\,lv|zl /\izo recm(uviw) = /\izo reCm(UoVicJWO) (4)
From the definition of recy, it is easy to see that for al i = 0,
recy; (UoVoWo)

= Hbathm(%%% "' 0'QO(O'm+lqm-¢—1 t 0'm+nqm+n)i
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Omin+10men+ ** OkGID]
= /N2 8(gj, 041, G+1) ANZT [3(Omsn Ome1s Ome1)
AN NERA 30 041, G+ )] /NNt (T T4, Gva)
= /N3 8(0, 0j+1, Gja) ©)

because On+n = Om and 8(Qerna Om+1s qm+1) = 8(qm1 Om+1» qm+1)- Thus, by
combining (4) and (5), we abtain (3) which, together with (2), yields (1).
Second, with the conditions 4 and 5 we have

Vuvwess s—ului=1Qlv=1 /\i=o reCo(UV'W)
= Vuvwes* s=uwjwi=|alvi=1 Nizo A(UVW)

= Nyvwest s—owjwi=(alv=1 (MNizo rECR(UVW) - /N\izg A(UVW))

= Nyvwess s—owjwi=llvi=1 /\izo (reCr(uvw) — A(uv'w))

= Ness (recp(t) - A()) = [tecy C AD (6)

Finally, using (1) and (6) and Conditions 2 and 3, we obtain
[A = recy = [A C recy/\ [tecy; C A
= Nses+(A(S) — recy(s)) /\ [ecy C AD
= Nsex+((A(S) — recy(s)) /\ tecy C AD
= Nsess |s=(q| (A(S) — recy(s)) /\ [ecy C AD
= Nsess Js=lo] (AS) = Vuvwess s—umuwi=(qlv=1
Ni=o recy(uvw)} A\ [ecy C AD
= Nsesr js=la (A - Vuvwess s—uwjwi=[Ql =1
Nizo recy(uvw)}
ALV uvwes s—umjwi=(alvi=1 /Ni=o r€Cx(UVW) —
Vuvwess s=umfwi=lal =1 Nizo AWW)})
= Nsest Js=(q| (AS) = Vuvwes* s—uwjwi=[Q)v/=1
Ni=o A(UVW))
= Vn=z0Nsesrg=n (A(S) — Vuywesr s=umjwi=n|vi=1
Ni=o A(UWW))
This completes the proof. [ |
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4. OPERATIONS ON QUANTUM AUTOMATA

In automata theory, product, union, and inverse of automata are three
basic operations. The inverse of the automaton was discussed in [Y00]. This
section considers the relationship between the language recognized by the
product or union of automata and the |anguages recognized by its components
in quantum logic. First, we consider the product of quantum automata. Let
.% = (QA! IA, TA, BA), g = (QB, IB! TB! SB) e A (2, I) be two I'Valuaj
automata over 2. Then their product I = N X O is (Qg, l¢, Te, 8¢) and
it is defined as follows:

1 Qc = Qa X Qe
2. lc = la X lg.
3'TC:TA>< IB'

4.3¢: Qc X 2 X Qe - Landforany o € 2, pa, 0. € Qa, and py,
quQBl

8c((Pa; Pb), 0, (Ga, b)) = 3a(Pa 0, Ta) /\ B&(Po, 0, C)
Proposition 2. Suppose that the implication operator — on L satisfies
thata<—>bd=6f(a—» by N\(b - a=1lifandonlyifa=bforanya b e
L. Then the following two statements are equivalent:
(i) The meet O is (finitely) distributive over the union Oin |, i.e., for
dlabcel,al(Oc)=(alb)d(adc).
(i) Forany M, 0 e A, ) and forany s € 3*
|
= r€Cyixn (S) > recy(s) /\ recq (s)
Proof. We first prove (i) implies (ii). Let s = o1 - o Then

[Becy, () /\ recy ()= [iecy ()0 [ecy (s)0

Since Q and Qg are finite, 14, To C Qa and g, Tg C Qg, We can use (i)
and obtain:

[iecy(s) /\ rec ()0

AN 8g(Ois i1 Obgi+1))]
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= V(dao,a00) €1 AX 1B, (da1,bo1) - (da(k—1):0b(k—1)) € QA X QB,(dak.9bk) € TAXTB
[/NSG (Ba(Gais i1, Gagi+1)) 7\ O8(Abis Tit1, Up(i+1)))]
V (da0.a00) <! AX1B.(dat,tb ) (da(k—1),Ab(k—1)) € QAX QB (dak:0ok) € TAX TB
NS 3axe((Gais Ooi), Tt (Qag+1)s Uogi+1))
= [ecyixn (90
Second, we prove (ii) implies (i). For any a, b, ¢ € L, we choose some
oo e 2andset N = ({p}, {p}, {p}, Bn), Where 3,(p, o, p) = aif 0 = oy
and O otherwise, and O = ({q, r, s}, {q}, {r, S}, dg), where dz(X, o, y) =
bifx=q,y=r,ando = o cif x=q,y = s, and o = o; and 0 otherwise.
Then:, 0 € A, 1), anditiseasy toshow that R X O = ({(p, q), (p, 1),

(p! S)}v {(pv q)}’ {(pv r)v (p! S)}’ 8A><B)v Where 8A><B((p1 X)! g, (p1 y)) =a
Obifx=qgy=r,ando = og,alcifx=q,y=sand o = oo and 0
otherwise. Furthermore, by a routine calculation we have

[tecy(og)= a
EeCD (0'0)D: b\/ C
[BeCyxn (00)= (@/\ b) \/ (@/\ ©)

Therefore, with (ii) we finally obtain

a/\ (b\/ c) = Decy(oe) 0\ ecy (oo)0

= [teCyxn (o= (@/Ab)\/ (@/\c) m

We now consider the union of quantum automata. Let h = (Qa, Ia,
Ta, 8a) and O = (Qg, Ig, Tg, dg) € A(2, ) be two I-valued automata over
3. We assume that Qa N Qg = ¢. Then the (digoint) union of N and O is
S = SH ugd = (Qc, |Cv Tc, 8(:), where:

1 Qc=QaU Qe
2. IC = IA U |B'
3. TC:TAU IB'

4. 8c: Qc X 2 X Q¢ — L isdefined as follows: for any o € 3 and

for any p! q € QC = QA U QB: 8C(p! g, q) = 6A(p! g, q) if p1 q € QA’
ds(p, o, q) if p, g € Qg: and 0 otherwise.

Proposition 3. If the implication operator - satisfiesthat a« a =1
foranya e L, thenforany i, 0 € AR, ) and for any s e 2*
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|
F recyun (s) < recy(s) \/ recs ()

Proof. Let s = oy ... 0. Then
[teCyiun (U= \VqoeiaUlg u,....ak 1< OAUQR, qke TAUTE NG B3aus(Th, Gicts Gise)
= [VIgernanac1conaeta /N0 daus (Gis Tis1, Giva)]
V laoete. gt 1eQa.aeTs 7 Ne0 daus (Gir Tiv, Giva)]
VAN 8aus (Giy 0141, Giv2): Go € 1aU I, O, -+, Gt
€ Qa U Qg, g« € To U Tg, and there are i, j such that
O=i,j=kandg € Qu and g € Qg}

From the definition of SiUp, we know that for any gg € Ia, 01, .-+, 01 €
Qa, Gk € Tp, We have

N3 Baus(Gis Oiv1, Givr) = /NG Ba(Th, Tits Gis)

andforany gp € Ig, Oy, . - ., Q1 € Qg, Gk € Tg, We have
NG e, 01, Giv) = /NG a0y Oigas Givr)
If qO S IAU IB! ql’ ...,qk,]_ € QAU QB!qk € TAU TB,andthereal’ei,

jsuchthat 0 =i,j = kand g € Qaand g € Qg, then we can find some
me {0,1,...,k— 1} suchthat g,, € Qaand gn+1 € Qg, O 0, € Qg and
Onr1 € Qa Then 3aue(dm, dm+1, Om+2) = 0, and

NS 8aus(0h, 0741, Gi1) = 0
Therefore, it follows that
[BeCy (U= [Vopeiadpmty_1cQateeTa NG 3G, G141y Giva)]
\Y4 [\/qoelB,ql,...,qk_leQB,qkeTB N3 8s(0h, Tir1, Giva)]
= [fecy(s)U\/ [tec,(s)U
= [feoy(s) \/ rec,(s)t] =

5. CONCLUSION

Inthis paper, we continue our study of automatatheory based on quantum
logic initiated in [Y0Q]. The pumping lemma is generalized into the setting
of orthomodular lattice-valued (quantum) automata, the operations of product
and union of quantum automata are introduced, and the relation between
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the language recognized by these operations of quantum automata and the
languages recognized by the operands is discussed. The most interesting
result obtained in this paper is that the language recognized by the product
of automata is the intersection of the languages recognized by the factors if
and only if the truth-value lattice of the underlying logic is distribtutive. This
is a negative conclusion in automata theory based on quantum logic, and it
means that the classical result concerning the product of automata does not
extend to quantum automata. This negative result stimulates us to consider
the problem of alogical revisit to mathematics. Various classical mathematical
results have been established based upon classical logic. Mathematicians
usually use logic implicitly in their reasoning, and they do not seriously care
which logical laws they have employed. But from alogician’s point of view,
it is very interesting to determine how strong a logic we need to validate a
given mathematical theorem, and which logic guarantees this theorem and
which does not among the large population of nonclassical logics. This
suggests new research topics. Proposition 2 is a simple example of this kind
of research.
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